Outline of algebra for hydrogen fine-structure calculation

The following radial integrals can be proved for the state |nlm)
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Relativistic correction to kinetic energy

Relativistic kinetic energy: KFE = /(mc?)? + (pc)2 — mc® =~ p?/2m — p*/(8m3c?) so
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So, using B = za?mc?/n?, ag = he/(mca) and Vo (r) = —hea/r,
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Spin-orbit interaction
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Now we use j = li% and treat the two cases separately, so for instance j(j+1)—1(l+1) = l—l—%
or —[ — Lll respectively; so

~ 2 1/1+1) ifj=1+1
Lims | HQ nlim.) = |BO| Y 2’
(nljm;|Hsolnljms) - = 1E| 5= 755 {—1/5 ifj=1-1.

+a?
2n(l+1/2)(j +1/2)

2
_ ’E(0>|a_ 1 _ 1 .
" \I+1/2 j+1/2

In the last two lines, we have used j + 5 =1+ 1 or [, and then £1 = 2(j — I).
Adding the two contributions to the fine structure, we get

= 1By

forj=1+1

5 . o (3 1
g B oty = 191 % (= —275).
which is independent of [. Note that j + % < n and so the fine structure lowers the energy of

all states, but within a shell the states of lowest j will lie lowest. The nth shell is split into n
discrete levels.
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Source: D. Griffiths, Introduction to Quantum Mechanics, 2nd edition, fig 6.5



