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PHYS20672 Complex Variables and Vector Spaces: Examples 3
*-

In each of the following cases evaluate [, f(z)dz for curves C; and Cy whose endpoints
are ¢ = 1 and b = i; (' is the path that follows the axes and passes through the origin,
while ()5 is the straight line segment y =1 — z.

(a) f(z) =Rez  (b) f(2) =2

Evaluate fo |z| dz for the curves C; and Cy, where the endpoints are a = 1 and b = —1,
and (' is along the x-axis and C5 is a semicircle of unit radius in the upper half plane.

Writing z = a + Re, 0 < § < 27, and using the path |z — a| = R, show

1 1
(I) 7{ dz =27 and (II) ]{ ———dz=0 for integer n > 1
cZ—a c(z—a)"

Hence using Cauchy’s theorem and partial fractions (where needed), find §, f(z)dz in
the following cases:

(a) f(2)=1/(z—1); C: |z| = R, wherei) R =1/2,1ii) R = 2.
(b) f(z) =1/(z*—=32+2); C: |z| =R, where i) R =1/2,ii) R = 3/2, iii) R =5/2.
(c) f(2)=(2+1)/(2* — 3z +2) for the same contours as (b).
(d) f(2) = (2> + 2+ 1)/(2* — 2?) for the same contours as (a).

Use the appropriate Cauchy integral formula to evaluate the following, where C] is a
circle with |z| = 1 and Cj is a square with corners at +2, +2 + 4.

(a) idz (b) fg cos 222) &= (o ﬁ sin (22,2) &
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Show that

1 < 1
2417 R2-1

(See question 4.) Hence use the estimation lemma to show that

for |z2| = R > 1.

lim
R—o0 z

o dz=0 for the circular path |z| = R.

Verify the result by using Cauchy’s integral formula for the case of finite R > 1, then let
R — .



26. By writing z = ¢” (and hence dz = ie”df), and using formulae such as cos§ = 1(z+271),
convert the following to contour integrals around the unit circle and evaluate using the
appropriate Cauchy integral formulae:

27 27
(a) / cos* 0 dd (b) / sin® @ df
0 0

27
(c) 1 / cos® @ df, for integer n > 0
0
27
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In (c), you should be able to express your answer as 2m(2n — 1)!!/(2n)!!, where, e.g.,

TN=7x5x3x1and8!!=8x6x4x2 (though it’s fine to leave the answer in terms
of a binomial coefficient).

27. 1 In this question you prove the Cauchy integral formula for f((a) by induction. Start
by assuming it holds for f"~1(a), and use it in the expression

(n-1) _ fln-1)
f(n)(a) _ }ILIL% f (CL + hf)L f (a)

to show that it then holds for (™ (a) as well. (This follows the proof in lectures for f'(a).)
But since it holds for n = 1, it must hold for any positive integer n. If the general case
is too hard, start with f”(a) as a warm-up.

[Even if you don’t try this question, you should learn the Cauchy integral formula: the
base case n = 0 is unavoidable, and the cases for n > 0 can be recovered from the
base case by formally differentiating with respect to the parameter a. This question just
provides the justification for differentiating “under the integral sign”.]

28. Verify that the argument theorem holds for the function f(z) = (22 +1)/(2%+ z —6) and
the contour |z| = 5/2.



