PHYS20672 Complex Variables and Vector Spaces: Examples 1

These are mostly problems for basic practice, so there is no prioritization.

1. Write the following expressions in the form x4y and sketch their locations on the complex
plane:

4+ 51

T (C) 365i7r/3 (d) 61+i7r/3 (e) 1+ ie?iw/G
— 4l

(a) (3 + 4i)° (b)

For each case find |z| and the value of the argument 6 (for 0 < 6 < 27).
2. Sketch the curves
(a) |z —1] =2 (b) arg(z —i) =7/4
(c) Re(2?) =3 fory >0 (d) Re(e®) =1for —7/2 <y < m/2.

3. The inequalities given below specify sets of points in the complex plane. Make sketches
to illustrate these sets and indicate which boundaries (if any) form part of each set.

(a) Rez > —3 (b) 1< |z—1—1] <2 (c) |arg(z—1—1)| < 7/4 (d) [z—1] < |z+1].
4. Give a geometric argument to show that for any two complex numbers z; and 2o,
(21 = lz2)] < |21 £ 2] < z1f + [z

[Hint: draw a triangle with sides 21, 2o and 21 &+ z5. Make use of the inequality a +b > ¢
for the three sides of a triangle.]

Hence show that on the circle |z| = R, with R > 1,

(@) RZ—1<[22+1|<R*+1 (b

2241 <R2+1
22—-1|" R2—-1

5. Calculate the following:
(a) V141 (b) Ln(1 +1) (c) cos(m/4 +1) (d) arcsini

6. Verify the following identities:

(a) sinh(iz) =isinz (b) sin(iz) = isinh z (c) arcsin(iz) = iarcsinh z
1
(d) arcsinhz = 1In(z + V1 + 22) (e) arctanh z = %ln(l il Z)
—z

Show that cos? z + sin? z = 1 even for complex z.

7. For each of the following functions, specify the domain, i.e. the set of complex numbers
for which the function can be defined and is finite:

1 z 1
(a) f(2) = 211 (b) f(2) = (c) Pl (d) Lnz

zZ+7z

For which is the domain an open, connected set of points of the complex plane?



8. Consider the function f(z) = 23+52242. Calculate (numerically, e.g. using Mathematica)
f(z) for z = exp(inm/4) for n = 0 to 8. Hence sketch the path traced in the w-plane for
w = f(z) as z follows the unit circle, with 0 < § < 27. Also, sketch a plot of argw as a
function of . Repeat for the function z* + 522 + 8. Relate your results for the increase
in argw to the number of zeros of each function with a modulus less than one.

9. For the functions w = 22 and w = Ln z, plot lines of constant u and v in the complex
plane z = x +4y. If you want to compare with Handout 1, note that in the handout lines
of constant z and y were plotted in the w plane; thus, you should compare with the plots
of the inverse functions.



