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Basic Questions

A. What causes fine strucutre in hydrogen spectra?

B. What is Fermi’s golden rule?
C. What is the variational principle?
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3.1 Time-independent PT (nondegenerate)

3.1.1 Introduction

Two quantum problems can be solved exactly, they are harmonic oscillator and hy-
drogen (or hydrogen-like) atom. Most other quantum problems can not be solved
exactly. One has to develop approximate method to solve such problem.

Consider a Hamiltonian H, its Schrodinger eq.

]:]\I/p = E,¥,, p= quantum no.
is difficult to solve. If H can be written as
H=Hy+V
where V is time-independent and “small”, and the Schrodinger eq. of H, has been

solved ) R
HOCI)k == ekCI)k — HO ‘(I)k> = €k |(I>k>

where k is the quantum number labelling the nondegenerate states. We wish to use
the information of Hy to find the eigenstates and eigenvalues of H. Hy is usually
referred to as unperturbed Hamiltonian, V as perturbation potential (operator).

In principle (the completeness principle), any state W, can be written as a linear

combination of ®; as
(Wp) =D Cor | )
k

where {Cp;} are constants to be determined by eq. of H, together with eigenvalue
E,. Since the dimensionality (total number of the possible k) is in general infinite,
the exact solution is not easy. However, since the perturbation V is assumed small,
it is not difficult to get approximate solution for |¥,) and E,,.

3.1.2 Perturbation expansion

Obviously, if V is zero, p = k, |W) = |®k), Ex = er. Hence, for non-zero V, this
solution {p =k, |Vy) = |®y), Ex = ex} is referred to as zero-order perturbation
results. We need to go beyond this, and find nontrivial correction to this zero-order
results. In order to do it in a systematic way, we introduce a parameter \ in the
Hamiltonian

H\ =Hy+\V, 0<x<1

so that as A — 0, solutions for H ()) is reduced to that of Hy and what we want is
the results in the limit A = 1. In perturbation theory, we assume

p=k
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i.e., the quantum number for the states of H is same as that of Hy. Therefore, we
can expand each of the eigenvalues and eigenstates of H () in terms of powers of A
as

B, = EY +AEY + XED + NEP 4.
U = U0 ) - 220P e 4

where E,go) = ey is the zero-order approximation to the k-th eigenvalue of H , and

E,gl), ,22), E,g?’),- - - are the successive correction to this. Similarly, \I/,io) = @y is the
zero-order appro. to k-th eigenstate of H and \If,gl), \If,(f), \I!,(f’),- - - are the successive

correction to this.
In order to find E,gl), E,f), E,g?’),~ - - and \IJ,(CI), ‘If,(f), \Ifff’),~ - -, we substitute the ex-
pansions into the original Schrodinger eq.

HU, = E, U,
or

(Ho+ V) (0" + 20 + X0 + )
= (BY + 2B + XED + ) (0 a0 £ 20 1)

or, each side is arranged according to the powers of A
AU 1 A (VU0 1 A 42 (Vo 4 Au®) ¢
EOW + x (BN + BOUY) + 02 (BP0 + BN + EOUP) 4

Equating the coefficients of A on both sides of the eq. (consider A as an arbitrary
number, this must be true), we have

HuY = EOvY - w0 =0, EY=e¢
as zero-order result, and
Vo + Aul) = BV 4+ EOw)
as first-order eq. for E,E,l) and \If,(fl) and
vy + B = BP0 + BV + B0

as second-order eq. for E,?) and \I/,(f) etc.
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3.1.3 Solution for perturbation eq.: 1st-order

Now consider the solution to the above sequence of the perturbation eqs. The 1st-
order eq. is
vl + Byul) = B + B0

or, using the zero-order results
(7 EY) @0 = (0 — i) wl?

By the completeness principle, we can always express \IJ,(:) in terms of a linear com-
bination of ®; as
1 1
kl

where C’,SC)/ are coefficients to be determined and the equation becomes, using Ho®;, =
ek’q)k’

(V - Elgl)) q)k == Z (ek — ek/) Clglk)/q)k/
kl
(V - E]gl)) ‘(I)k> = Z (ek — ek/) C]glk)/ ‘(I)k/>

kl

this is the eq. for E,(:) and Cyp. The standard technique to solve this kind eq. is to
take inner product with state ®;» on both sides of the eq., i.e., multiplying ®;, and
integrate

/dST’(I)*// (V — E](gl)) q)k = Z (ek — ek/) OIE:?’ / dST’CI)Z//q)k/

k/

using the orthonormal relation
/d3’f’q)zq)k/ = 5kk’

we have

Vk”k N Elgl)§kk// — Z (ek — ek’) O]E;]];)/6kllkl = (ek — 6k”) CIS{,’)”
L/
Vk”k = /d3T<I>Z//V<I>k

Choosing k" = k we have

ED =, = / EroVa,
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Choosing k" # k we have
Vi

1
ol =
€ — Epr

Note that Cj;, is still undetermined and can be chosen as zero.
The 1st-order results are, letting A = 1,

Ek ~ ep + Elgl) == ka = /d3r<1>2\7<1>k

for the energy and

for the state. Note: if we choose Cy # 0, the coefficient of @, in the above formula
will not be unity and W, is then not properly normalized in the limit Vi — 0.

Note that the determine of the 1st-order energy E,gl)only depends on the zero-

order state function \I/,(CO) = ®;, and the 1st-order statefunction \Il,(fl) is not necessary.
However, in order to determine the 2nd -order energy correction E,E?), the Ist-order

statefunction correction \If,(gl) is required. This is generally true: nth-order energy

correction requires the (n — 1)th-order statefunction correction.

3.1.4 Solution for perturbation eq.: 2st-order

The 2nd-order equation is
v + Ao = EP0Y + EMw + BV v

or
ESY = (V- BY)w + (Hy - E) v}

where E,E,O), E,gl), ‘If,(go) and \If,(gl) are known. We only need to determine E,(f) and \If,(f).
Again, \11,232) can be written as a linear combination of &,

2 2
kl
substituting this into the eq., using the zero- and 1st-order results, we have

EPe, = O (V- EY)ow+ 3 CF (Ho — ex) O
k/

kl

= Z Clgc)’ (V — E]gl)) (bk/ + Z O,gi)/ (€k/ — Gk) (bk/
k/

kl



56 CHAPTER 3. APPROXIMATION METHODS IN QM

as before, taking inner product with state ®,» on both sides of the eq. and using the
orthonormality of ®; we have
E]g2)6k,/k = ZCISC)/ (Vk”k’ — E,gl)ék”k’) + C]E:i)// (€k// — €k) .
k/
Choosing k" = k, we obtain E,f)
E]?) = ZC]SC)/ (ka/ — E,gl)ékk/)
k/
= Y OV, — Oyl =0
k/

oy Vil g V|

k' 4k € — €x/ k' £k €k — Ck!

where we have assume V is a Hermitian operator. The coefficient C,Ei)// can be deter-
mined by choosing k" # k, as before. Again, to determine E,?) we only need to know
C’,SC), and C,Sj,, is not necessary.

The 2nd-order result for the energy is then given by

View |2
E, =~ E;E,O) + E,gl) + E,(f) =er + Vip + Z ﬁ
k'#£k € — €/
Vi
U, ~ ‘11120)4“‘1’19) — P, + Z k'k O,
k' 4k € — C)r
with R A
Viw = (K| V/ k) = /d?’r DLV Dy .
3.1.5 Example
Consider an anharmonic oscillator with Hamiltonian
H = Hy+V
HO = —%@4‘57’7%03?, V =ax

3/2 .
where « is a small number (o < fiw/z} = hw (%) / ). The eigenequation of Hy has
been solved,

- 1
H0|77,> = hw<n+§)\n>, ”2071727'--,00

) 1
Ay = hw (eﬁ&+§)
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and we know the effect of a' and a on the normalized state |n)

atlny=vn+1|ln+1), aln)=+vnln—1) forn>0.

we hence need to express V in terms of a and a. Using the definition

R mw p ot mow . p
a =4/ T+ ,a' =/ T —
2h v omhw 2h vV 2mhw

we have

hence
/
V= ofg) i)
A 3/2
= a <%> (a+a') (a®+aa +afa + a)
h

/
- a<%>32(d+fﬂ) (d2+2&Td+1+aT2) .

Up to 2nd-order approximation, we have

Vnn’ n'n
E,~en+ Vin+ >
n'#n €n — En/
where
hw (n + 1)
en = —
2
and

/
= « <—>3 2 (nl (a+af) (a> +2ata + 1+ ™) |n)

/
- « <—>3 2 (nl (a+af) (a* +2n+ 1+ a™) |n)

i.e., the first-order energy correction is zero.

o7
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To determine the 2nd-order energy correction, we need to evaluate V,,,,. Consider

(d+a)(a +2a a+1+aT2) |n)
(&+aT) (a —|—2n+1—|—aT2) |n)

(&+dT) (\/n(n—l) In—2)+(2n+1) \n>+\/(n+1)(n+2) |n+2)>

Jn =1 (n=2)[n—3)+@n+1) Valn—1) +(n+1) (n+2)°n+1)

=12 =1+ @n+ ) Vet 1ln+1)+/(n+1)(n+2)(n+3)|n+3)

Jan—1) (n—2)|n—3) + [(2n+1)\/ﬁ+\/n(n—1)2} n—1) +

+[\/(n+1)(n+2)2+(2n+1)\/n+1] n+1) +1/(n+1) (n+2) (n+3) |n+3)

Vn(n—1)(n—2)|n—3)+30%%n— 1) +3(n+1)*|n+ 1)
+/(n+1) (n+2) (n+3)|n +3)

therefore, there are only four nonzero contribution to V,,,

Vi g — <n—3|f/\n>:a<2l>3/2\/n(n—l) (n—2)

Vn—l,n = <TL - ].| V ‘TL) =

. A 3/2
. A 3/2
Viian = <n+3|V\n):a<%> V(4 1) (n+2) (n+3)
therefore
Z Vnn/vn/n _ V2 3,n + VnQ—Ln + Vn2+1,n + Vn2+3,n
n'#n €n — En/ €n — €Ep—3 €n €n — Cnt1 €n — €n43

h
N 3hw (2mw> n(n—1)(n=2)

(%rzw) o
)
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1 2<L>3(n+1)(n+2)(n+3)

—%—wa 2mw

1 ,( 1\
3w (%)
x [n(n—=1)(n=2)+2m° =27 (n+1)° = (n+1) (n +2) (n + 3)]

_ _ 1 <i>3 (30n2 +30n + 11)

hw 2mw

Hence, up to 2nd-order, the energy value is

1 1 Ao\?
E, = hw (n + 5) 2 (—) (30n2 +30n + 11)

B ﬂa 2mw

and the energy interval between adjacent energy levels

3
A:En—En_lzhw—@a2 L n
hw 2mw

See figure

3.2 Degenerate PT

In the above perturbation theory, the unperturbed states ®; are nondegenerate, ey #
ey for all k' # k. Now we extend the theory to the degenerate case. Our Hamiltonian
is still given by

H=Hy+V
where the perturbed term V is assumed small and the unperturbed Hamiltonian H,

has been solved
HOCI)nd - enq)nd

with quantum number d = 1,2, - -, M, labelling the degeneracy. In the case of
Hydrogen, we know for each n, we have degenerate qn d = (I,m), >y, = >, and
M?. For convenience we only need one letter for the notation. We expect that the
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introduction of perturbed term will lift the degeneracy in [, so the eigen equation for
H is R

H\Ijnd - Endand .
But if we still carry out the similar analysis as before, we expect to encounter a factor
such as H — H (\) = Hy + AV, and the expansion series

Boa = EQ+2EY + -
Uy = 0O+ 20l) ...

substituting these into the original Schrodinger eq. and equating the coefficients of A
on both sides of the eq. (consider A as an arbitrary number, this must be true), we

have

HoUg = BV = V=0, Byl =e,

n,

as zero-order result, and
o2 (0 (1 1) 1,0 0) 1, (1
VU + HoWg = B + En W
as first-order eq. etc. All those formulae remain the same, only replacing single gqn by

double ones k — (n,d). However, there are divergence problem when we go beyond
zeroth-order. Consider the 1st-order correction to the wavefunction

Ul = Y Cdwabua

n'd'
= > C%md"bnd’ + other contributions from states with n’ # n
d'#d

with the diverging coefficient

C(l) o Vnd,nd’ . Vnd,nd’
ndnd’ — 0 0) :
E?Sd) - E?Sd)’ €n = €n

Solution: Recall the basic assumption in PT
quantum number after perturbation = quantum number before perturbation.
We need to modify this by introducing a new quantum number k as

before perturbation : (n,d)
after perturbation : (n,k) .

This is equivalent to introduce a new basic set {Qux, k =1,2,-- -, M}as

M
anzzbkd@ndu k:1727"'7M

d=1



3.2. DEGENERATE PT 61

with coefficients by to be determined by the condition to avoid the divergence men-
tioned above.
Now our new PT expansion series are

U = \Ifnk + )\\I/(

and the zeroth-order equation does not change much

() 0 0 M

HO‘I’;k? = E?Sk)‘ll( ) — E(k) = €n, ‘1’7(112 = Qi = Z brqPra

d=1
and the 1st-order eq.
(V- B) vl = (B - Ho) W)
where we expand \IJS,C) in terms of (2,
=3 Qe k=12 M
k/

As before, we substitute this into the 1st-order eq. and take inner product with state
Q,» on both sides, we have

/d37’ an// V Enk nk == /d37’ an// Z Ckk’ ( Ho) an/

or

Vak nk — E&)%”k - /dgr Qo D cl(clk)/ (€n — €n) Qupr = 0.
k/
Take k" = k, we have
and take k" # k, we have

Vb ke = /d3r sz,,Van =0, forallk” #k.

This last equation means operator V s diagonal in the new basis. Therefore, the
coefficients {bpq} in Qup = 24, brg®na is chosen so that Vs diagonal.
Example: Spin-orbit coupling (or LS-coupling). An electron moving in a
central potential V = V' (r) has Hamiltonian as
2

h
Hy= ——V2 .
0=5 VAV (1)
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In general the eigenvalues E,; of H, are 2 (20 + 1)-fold degenerate (for hydrogen,
E. = E,, and degeneracy is 2n*fold). One of relativistic effects (Dirac) is the
addition of a potential, the so-called spin-orbit coupling (or LS-coupling)

VLSZA(’/‘)]Z'g.
We can treat this Vg as perturbation potential and write

~ 1 ~ ~ ~ ~ ~ ~
Vis = 5A(r) <J2 —L2—SQ> =148

As we know, the eigenstates of Hy can be represented by the product of orbital wave-
functions and spin wavefunctions, or |nlm) [sms) = |nlmysms). Within the first-order
degenerate PT, we need to use these |nlm;smg) to diagonalize the perturbation oper-
ator V¢ and to obtain the zero-order wavefunction and first-order energy correction.
We have already done so in the previous chapter. The zeroth-order wavefunction are
angular momentum states |nlsjm) which are eigenstates of J2 and .J, with angular
momentum quantum number, using s = 1/2

. 1 o . )
]:lj:§7 m:—],—j+1,’]—1,j

Hence, the energy level shift by LS-coupling is

o , R 3
Eg) = (nlsjm| Vis |nlsjm) = o |7 G+1)—=1(1+1) - 1 (A(r)) -

3.3 Time-dependent perturbation theory

3.3.1 Newton’s equation

As we have seen before, the time-dependent Schrodinger eq. is
0 0

Zhallf (r,t) = HV (r,t), —zha\If (r,t) = HU™ (r,t) .

The expectation value of an arbitrary operator A = A (t), assumed W (r, ¢) is normal-
ized,

(A) = (] A|w) = /d3r U (r,1) A (1) U (r, 1)

has the following evolution equation

%<A> = / d%%[@*(r,tm(tw(r,tﬂ

= / dPrU* (1,1 %—’qu (r,t) + — / dr 0 (v,t) (AH — HA) W (v, 1)
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or
d - DA\ 1 ;rq -
S = (50 + {4 A1)
Using this formula, Newton’s equation becomes, using H = p2/2m + V (r)
d

5B ==(v).

3.3.2 Time-dependent expansion

Consider now the following Hamiltonian
H=Hy+V(t)
where Hy is time-independent with eigen egs.
Hy®, (r) = E,®, (r), n=1,2,---

and the time dependent part of the Hamiltonian is 1% (t). The general time-dependent
wavefunction V¥ (r,t) can be expanded in the following general form as

U (r,t) = Z d, (t) ®, (r) = Z cn (1) Py (1) o—iBnt/h

and after substituting into the Schrodinger eq., we have

de,,

Z <Encn + zhﬁ> ®, (1) o~ iEnt/h _ Z (En + f/) n®,, (1) o~ tEnt/h

or
dcn/ . ~ .
th W(I)n' (I‘) e—zEn/t/h — ZCn/V(I)n/ (I‘) e—zEn/t/h )
Taking inner product with ®,, (r) on both sides of eq., we have the time-evolution
equation for ¢, (t)

dep
Zh% - ;Vnn/cnlezwnn/t7 n=12-.--
with R R
Vit = (0| V | @) = / Pr & VD, T = By — By .

these are a set of first-order, coupled equations for {¢,,n =1,2,---}. Normally diffi-
cult to solve. For some special case, exact solution can be found. See Mandl, Quantum
Mechanics, Section 9.2, P 198.
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Consider a typical initial condition: at ¢ = 0, the system is in one of the eigenstate,
say, |1), namely
Cp, (O) = 51n .

For V (t) = 0, the amplitudes ¢, (t) retain this initial value at all times and

U(r,t) =Y ¢, (t) D, (r) e~iEnt/h — @ (p) e~ iErt/h
the time-dependent part is trivial.

3.3.3 Perturbation Theory

Now we treat V as perturbation potential and write the Hamiltonian as before
H = Hy+ \V (1)
and correspondingly
en =Y A 4 A2 4
the evolution equation for ¢, becomes
d .
Zh% (07(10) + )\07(11) + )\207(12) 4. ) — Z (cﬁg) + )‘CS’) + )\2053) 4. ) AVnnlequnn,t '

n/

Setting the coefficients of each power of A equal on both sides we have a series suc-
cessive egs.,

d
ihacg)) = 0, 9(t) = const.
d .
Zhacgl) = 2 : 01(3) Vnn’ewnn/t

ihic@) = ZCS)Vm/e"“’””/t

Consider the typical initial condition: applying the perturbation 1% (t) after t > 0,
namely
- =0, t<0
v (t){ £0, t>0

and assume for t < 0, the system is in one of the eigenstates of Ho, say |1),

cn (0) =9 () = 6y,

n
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Hence the first-order equation becomes

. d (1) (0) iw,, 1t w1t

’Lh%cn = ch, Vo et =V, e

Integrating these equations from ¢t = 0 to ¢ > 0, subject to the condition that ¢, (0) =
O1n, We have

1t

4V = 1+ [ Ta)ar

En_El
h )

1/t ) ,
Ay = — / Vi (1) et dt! . wpy = n1
ih Jo

2
where ‘cgl) (t)‘ is the probability (in lst-order approximation) that the system at

2
t > 0 stays in the original state |1), and ‘cg) (t)‘ is the probability (in lst-order
approximation) that the system at ¢ > 0 is in another state |n) (n # 1).

Example. A hydrogen atom is placed in a spatially homogeneous time-dependent

electric field in the z-axis
. 0, t<0
T e, t>0

with 7 > 0. At time ¢ = 0, the atom is in the (1s) ground state with wavefunction

and energy
| . e? dmegh?
¢ls: 36 3 Els:_8 y QAo = B
Tag TENQQ me

Find the probability, in the 1st order perturbation theory, that after a sufficiently
long time the atom is in the (2p) excited state with wavefunction and energy

1 Els
Dop = reosfe /0 B, = )
Y /32rag S

Solution: According to the 1st-order perturbation theory, the probability ampli-
tude for the transition (1s) — (2p) is

1 [t : ,
1) = — [ Vopus (¥') €2 ret dt’
C( ) Zh A 2p,1 ( )e

with
E2p - Els o _3Els

B T

and R
V(') =ecoe /T2 = ecoe™" /"1 cos b .
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The matrix element f/gp@s (') is

Vapas (1) = (2p| V (1) [1s) = eeoe™"/™ (2p| r cos B |1s)

1
rcos@e"/%0 . —36_’”/“0) 2 sin Odrdfde
a

_ —t'/T / 1
o (,/32mg Jrad

, 1 (e} g 2
_ —t' /T 4 —3r/2a9 2 :
= egpe N (/0 rte dr) (/0 cos” f sin «9d9> (/0 d¢>

1 412503 2 215/2
i : S2m=Ce'T, C= 3
4\/§7ra3 35 3 ™ e 35 €€pg

o
= €egpe ¢/

and the amplitude

C L r_ 4t C eiWQP,lst_t/T _ 1
c(t) = _/ eu”)Qp,lst —t /Tdt/ _
®) th Jo

il iwaps — 17

and the transition probability is

B C?1+4 e 2T —2e7tT cos(wap 15t)
hz w%p’ls + ]./7'2

e(t)[*

Y

and after a sufficiently long time, ¢ = oo, the probability is

N 2_15 (660@0)2
- 3103E /4 + (h)7)

e (o)

3.3.4 Fermi golden rule

Now we consider the following simpler case, a step function perturbation potential

i 0, t<0
V(t):{f/ t>0

where V is independent of time. What is the transition probability per unit time
for the system originally in state |1) at ¢ < 0 to the state |2) at t > 07

Solution: From the above 1sr-order perturbation theory, the time-integration in
the transition probability amplitude can be carried out,

(1) _ i t N iwa 1t 340 ‘/2,1 _ iwa it
Y S

Ey — Ey

Vor = @2IVI1), wy= -
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and the probability is, using siny = (e® — e~%) /2,

2 4|Vay|?sin? (wast/2 2nt
Paa(t) = |, ff = el S CnatiD) 2y, o
W2’1 h
2 sin? (zt/2)
D (z,t) = — 2 T=w

where function D (z,t) has a simple integral

o9 2 > qin2 t/2 o gin2
/ D (z,t)dr = _t/ wda: =1, using / sin”(az) dx = ma,
s —00 —00

—0 T 2

similar to the continuous delta function ¢ (z). In the limit ¢ — oo, the two become
identical. So we have the transition probability given by, for large ¢

27t

27t
Py (t) = = Vo |” 6 (wo1) = 5 Vo |? 6 (By — Ey)

and the probability per unit time
. 27 2
Py (t) = = [Vaul™ 6 (B — E1) .

This is the famous Fermi Golden rule.

3.4 Variational method

3.4.1 Variational principle

Variational principle (Rayleigh-Ritz): The expectation value of a given Hamiltonian
H in any state U is always greater or equal to the exact ground-state energy FEj,

(W H|)
Wiy =

the equality holds if |W¥) is the exact ground state.
Proof: Suppose

H|®,) = E,|®,), n=012,---
Ey < E,, forn>0
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Write |U) as a linear combination of |®,,)

) = > Col®n) =Col®o) + ) Cpl®y)
n=0

n=1

(U 0) = |Co* + X |Cuf*

n=1
Therefore
iy = H(oo|@o>+zcn|¢n>)
n=1
= EoCo|®o) + > C.E, |®,)
n=1
and
(U|H|U) = Ey|Col*+ Y En|Cul?
n=1
> Ey|Col* + Ey Y |Cal* = By <\OO|2 +> |0n\2> = Ey (U | D)
n=1 n=1
SO R
U| H|U
(W)

(W [¥)

In general, we do not know the exact ground state energy Fy. We wish to find

an approximation for its value. By the variational principle, our approximation <f[ )

using any trial wavefunction |¥) will always be greater than the exact value Ej.

Hence, the lower the expectation value (H) (i.e., the closer to the exact value), the

better the trial wavefunction. A typical varitaional calculation is as follows: we first
choose a trial wavefunction ¥ with a few variational parameters oy, aq, - - -

v (alaa27 o )
and calculate the expectation value
(V| H |¥)
(U [¥)
Next, we minimize this E (a1, ag, - - +) through variational equations

0
@E(Oﬁaam“') =0

—FE(aq,a9,--+) = 0

E(Oél,Oég,' : ) =
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The solution for (ay, as, - - -) of these equations then put back to F (a1, aq, - -) and
this minimum FE represents the best estimate for the trial function of the form
U (Oél, g, -+ - )

Clearly, the success of this nonperturbative method will depend crucially on the
form of the trial wave functions we choose to start with.

3.4.2 Examples

Hydrogen atom. The trial function for the ground state of Hydrogen is choose as

S, =Ce ™, C=—

the Hamiltonian is

2 2
H:—h—VQ— S V2=i3<26>+ifi(9¢)

hence
oF, em 1

— o= —- = —
Ooa dmegh®  ag

where ag is the Bohr radius. So the best estimate for the ground state energy is

E_h21 ol 1 e
“ 2m a% 471'60 Qo N 2 471'60(1,0
and for the ground state is
d = —1 e~/
adm

both are actually exact. This is not surprising because the trial function has the
correct form.

Helium atom. In this case we do not know the exact result and we are dealing
with two identical particles. Consider in general Helium-like ions with the follow-
ing Hamiltonian describing two electrons interacting each other and with a nucleus
containing Z protons

H:_—VI_

5 h?_, h_2vg_262(1 i>+ e? L
2m 2m dmeg \1r1 19 4meg 12
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We want to approximate the ground state of this system by a simple trial wavefunction
(actually, PT), using the knowledge from hydrogen-like ions.

We know the eigenstates ¢, (r) for a single electron H= —%V2 — Ze 1 are

Admeg T

73
15 (r) = Ryo(r) Yoo (0,0) = _36—Zr/a0
Tag

Z3 A
b (r) = R (1) Yoo (6,6) = \/;a% (1= Zr) o

with ¢14 (r) as the ground state, and eigenvalues
e? 72

Enl = En = - e
87T€0a0 n

n=12---

We also know electrons have spin degree of freedom, indicated by two states |T) or
|1). We want to construct the simplest two-body wavefunction from these single-body
state. There is a (anti)symmetry requirement we need to impose. The following is a
trial wavefunction satisfying this requirement,

v, (172) = P15 (1‘1) P15 (1‘2) X12,  Xi12 = % (|T>1 |l>2 - ‘l)l |T>2)

hence W (1,2) = —W¥ (2,1). This is a spin-singlet state. Another possible trial state
is the spin-triplet,
1
‘1’6 (1, 2) = ﬁ [¢1s (1‘1) Pas (1‘2) — Pas (1‘1) P15 (1‘2)] T12;
1
T2 = |T>1 |T>27 % (|T>1 |l>2 + |l>1 |T>2)> H>1 |l>2

but this will give higher energy due to the present of the higher level state ¢o (r1).
(It is quite easy to test experimentally if the ground state Helium is singlet or triplet.)
Using the singlet state W, (1,2), we evaluate the energy expectation value

. 7 Ze? 1 e? 1

HY = 2. (—V?— — <—>

< > <2m ! 4dmeq r1> + 4meg \T19
Z2e? 5 Ze?

= 2.| = + =
8megag 4 8mepag

5
_ (-22%12) Ry, Ry =
= —550Ry, Z=2

62

871'60&0

which is only 6% above the experimental result of —5.81 Ry.
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Math Note: Evaluate < > :

1
T12

6
(1)~ 3(2) fentn Lo
T12 7'('2 Qago |I'1 — I'2|

First we use the expression (Fourier transformation)

1 :/ *k eik'(rl—r2)4_7r
1 — 12 (2m)? k2
hence ) , 2
<i> — i <£> /ﬁ4_7r /d3,r,leik~r1—2ZT1/aO
12 72 \ag (27r)3 k2
now oz
/d?’rle"k“"l—?Zﬁ/ao — mZ/ag .
(52 + (2Z/a,)*]
and finally

<L>_4Z/oo de 57
rie/  mag Jo (x2—|—1)4_8a0‘
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We can improve our wavefunction by introducing a variational parameter 7'

13
P15 (1) = Z_Se—Z’r/a(), U (1,2) = 1 (r1) P15 (T2) X12

Tay

and repeat our calculation as before, see example one,

. h? Ze* 1 2 /1
(), = 2 (5 ) e (o)
z 2m 4meg P dmeg \1T19/ 7
7"%e? 727 e? 5 Z'e?
= 2. — + —
871'60(1,0 47T€0a0 4 87TEOCLO

62

— 9 (2’2 277+ gz) Ry, Ry—

8megag

and variational eq.
0
oz’
and the estimated ground-state energy

<F[>Z,:oﬁz':2—1%

5 2
- —2(2——) Ry, Z=2

16
2. 27?

which is closer to the experimental result of —5.81 Ry. (higher no more than 2%).
Physically, the variational parameter Z’ represents the mutual screening by the two
electrons.

Now how does one go from here? Can we further improve our estimate and how?
A more sophisticated variational wavefunction (Hylleraas) is

<]:]>Z’:Z—5/16

v (17 2) = P (57 t U) \IIO (]-7 2)
Z! Z' Z'
S = —(T1+7’2), tE—(Tl—TQ), U= —"ri
Qo Qo Qo
where P (s,t,u) is expanded in power series of s,¢ and u
P (s, t,u) = Z Cn7217m8nt2lum

l,n,m

and variational eqgs. are
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and by including 10 ¢, 9, parameters, the accuracy can reach to 6-7 digits. See
Intermediate QM, 1964, H.A. Bethe.

Variational method and diagonalization. For a given basis set (truncated or
untruncated), {|n),n =1,2,--- N}, the trial wavefunction can be written as

N N
W) =D caln), (=) (nlc,
n=1
where {c!,c,;n=1,2,--- N} are variational parameters determined by

s ) = iy =0, () = S

oc :E (U |@)
or N N
U | v Hyprew — (Y| H W) ¢, 2
W) Sy Howew = QU H W en )y
(U [w)
or

iHnn/Cn/:<1{I>Cn, n:1,2,---,N.

n/=1
This is precisely the eigenequation for the Hamiltonian matrix { H,, } with the energy
eigenvalue <H > Therefore, the variational method and diagonalization is equivalent.



