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Basic Questions

A. How do we describe motion of a quantum system, say, a
particle moving inside a box, or an electron in Hydrogen
atom?

B. What is a'|10) for a harmonic oscillator?

C. Where do Pauli matrices come from?
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1.1 State and operator

In Classical Mechanics, a state of a particle’s motion is specified by its position r
and momentum p at a given time ¢, (r (¢),p (t)), where the momentum is defined as
1st order time derivative,

dr
p=mv=m—

dt
with m as its mass. Notice that both the position and momentum can be measured
experimentally. The equation of motion which determines (r (t),p (¢)) is given by
Newton’s 2nd law of motion involving 2nd order time derivative

d_p_ d*r

o Maet

where f is the total force acting on the particle. If the initial condition (r (0),p (0))
is given, one can from the above equation determine completely the particle’s motion
(r(t),p(t)) at any later time.

An equivalent description is provided by Hamiltonian formalism. Hamiltonian of
a particle is defined as the sum of its kinetic and potential energy

H = T+V
1 2_p2_1 2 2 2
T o= gt g =g R )
2
f = —-VV, or Vo—-Vi=— [ f-dr.

The equation of motion in this formalism is given by

) oH . x

q; = op;’ 1L=T,Y, 2 — Uy = a etc.

. oH d*x ov

P = — aql s 1=x,Y,% — m—dt2 = —% — fr ete.

with notation (qs, gy, ¢.) = (z,y, 2) =r, and ¢; = dg;/dt etc..

In Quantum Mechanics, the state of motion for a particle is NOT specified
by its position and momentum. In fact, the position and momentum can not be
precisely determined simultaneously. Instead, the state of motion for a quantum
particle is described by a wavefunction (or state function) which extends to a
large region of space, and can be a complex function. Typically, a (time independent)
wavefunction of a stationary state for a quantum particle is written as

q)k (I‘)
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where k represents one set of so-called quantum numbers, usually discrete. Exam-
ples of quantum numbers are linear momentum, angular momentum, etc. Different
set of quantum numbers, say, ki, ks, - - -, represent different wavefunction

q)kl (r>=q)k2 (I‘) T

which correspond to different states of the particle’s motion. Therefore, people some-
time use these discrete set of quantum numbers to characterize state of the particle’s
motion.

A state function such as @i (r) can not be measured directly. It has a meaning
of probability : its modular |® (r)|* gives the spatial distribution of the particle’s
position with quantum number k. Hence, in this representation of a quantum state,
the quantum number (e.g., momentum) is known precisely, but particle’s position is
unknown (known by a distribution).

Note:

(a) Normalization: Since |®; (r)|* has the meaning of distribution, it must be

normalizable
[@r 1o = [l @) d'r =1

b) Linear Superposition: If &, (r), P, (r) are two possible states of a particle,
1 2
their linear summation

U (I‘) = Clq)kl (I') + CQCI)k2 (I‘)

is also a state of the particle. In the above eq. C; and (5 are any two complex
numbers. There are also other properties we will discuss them later.

A general time-dependent wavefunction can be written as W (r,¢), which can usu-
ally expand in terms @y (r) as

®(r,t) =) Cp® (r) fr (t)

where CY is a constant and f (¢) depends only on t.
Example: Plane wave is given by a state function
, 2 E  hk?
& (rt) = ®r-Bi/n p P o 2 W
p (I’, ) € ) p 2m7 w 3 om

- 1, k=2
_ i(kr—wgt) — ’ h
; Cre G { 0, otherwise

The state @y, (r) with a definite quantum number is usually referred as pure state
and state W (r, ) which is a linear combination of pure state is referred to as mixed
state.
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Question: If we know a particle is in a state W (r,¢) (a pure state or a mixed
state), what are its observables, i.e., its position, momentum, energy?
In QM, all observables become operator, represented by headed notation, e.g., A.
An operator is meant to act on right side, as
' = Ao

with @' as a new state function. The experimentally measurable quantity is the
so-called expectation value of A is a state

(4) = / Br Ut A

which in general is a function of time.
Transposed operator is defined as, for any two state function ® and ¥

/ d'r & (Av) = / d&r v (A) = / d'r (A®) v

where A is the transposed operator of A. It is left-acting. Example, operator V =

( o 0 Q) has its transposed counter part

9z’ Dy’ Oz
~ o o0 0
v_ - (a?’@’&) .

Hermitian conjugate operator is defined as complex conjugate of its trans-
posed operator

At = A
and if A = AT it is said that A is a Hermitian operator. Observables such as
momentum or energy are real numbers. Hence their corresponding operators must
be Hermitian operators.
Correspondence principle. The relation between classical quantities and cor-

responding quantum mechanical operators are given as

r — t=r

p — p=—ihV (gradient)
and in general

F(r,p) = F = F(r,—ihV) .

For example, the expectation value of position and momentum of a particle at in
state U (r,t) are

F) = /d3r\ll*f\11:/rd3r 2

®) = [drvpw=—in [drvve
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Hamiltonian operator. According the Corresponding Principle, the Hamilto-
nian operator of a quantum particle is given by

~ 1

A2 B
H = 5P + V()
= —h—2V2 +V (r)
N 2m
with o2 o2 o2
2 e — —_— —_—
V= Ox? + Oy? + 0722

and the energy expectation value of a particle in a state W (r,t).
Product of two operators. If A and B are two operators of a quantum system,
their product ) .
C=AB
is also an operator of the system. Note that in general
AB + BA .
Commutation of two operator is defined as
[4,8] = AB-BA.

If [A, é} =0, A and B are said commute with one another.
Prove

A A

[z, ] = ih.

1.2 Schrodinger Equation

We have learned in the previous section that a quantum state of a particle is spec-
ified by a wavefunction. How do we determine this wavefunction? First, we discuss
eigenstate and equation in general.

Eigenequation. For a given operator A, if we can find a wavefunction ® and a

number a such that R
AP = ad

then, @ is an eigenstate of A and a is the corresponding eigenvalue, and the above
equation is called eigenequation. Usually, there are more than one eigenstate for
a given operator. Suppose there are N of them. We can label them by an index
n=1,2---,N (quantum number as mentioned before) and write the eigenequation

as R
AP, =a,®,, n=1,2,...,N.
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Example: Prove two eigen states of a Hermitian operator are always orthogonal
to each other if the corresponding eigenvalues are different.
Proof: The eigenequation are

Afl)n =a,®,, n=1,2, a+#as
we have
/ Pr &t Ad, = a / &r &,
= [dr (Aay) @,
= al/dg’r(I)}‘CI)Q

where we have applied the property of Hermitian operator on the 2nd eq. Hence we

have
(as — a1) /d3r Oidy =0 — /d3r Oidy = 0

since a; # as.
Example. Eigenstates of linear momentum in a box of size L.
Solution: The eigenequation is

—thV® (r) = p® (r)

where we denoted the eigenvalue as p. It is easy to prove that the normalized eigen-
function is )
d(r) = _6ip-r/h
=

where V = L3 is volume of the box. If we impose a periodical boundary condition
(pbe)

~

O(r)=d(r+Ld), a=1,j,k

with :i,j',l% as unit vector in z,y, 2z directions, we see that the eigenvalue p must be
discrete and satisfy

21h
Pp= L(”m”ya”r&)u Ny Ny, Ny, :0,i17i27

L

We can now specify the eigenstates by these integers (or quantum numbers)
©n17ny,n2 (r> = ®n (r> °
Separation of Variables. If an operator C' can be written as sum of two

C=A+B
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with A and B independent to one another, ie., A = A (T4, Pa) and B=2B (Ty, Do),
and with their eigenfunctions and eigenvalues

Ad, (t,) = E P, (a), B®g(ty) = Ess (i)

it is easy to prove that operator C’s eigenfunction is the product, and its eigen value
is the sum

CUy (To,Tp) = EpVy (To, 1)
v, (f‘a, f‘b) = ¢, (f‘a) 0% (f‘b) , Byp=FE,+ Eg

with its quantum number k = («, f3).

Schrédinger Equation. In CM, the time evolution of state (r (), p (¢)) is deter-
mined by the Newton’s 2nd law involving 2nd order time derivative. In QM, the time
evolution of state of a particle’s motion is determine by the Schrodinger equation

iha‘lf(r t)= HU (r,t)
at 9 - )
with H the Hamiltonian of the particle. It involves only 1st order time derivative.
If operator H is time-independent, e.g.
. B2
H = —V*+V(r)

2m

the solution is in a form .
U (r,t) = ®(r) et Bt/h

and Schrodinger eq. reduces to an eigenequation, time-independent Schrodinger eq.
H® (r) = ED (r)

with @ (1) as the eigenstate and E the corresponding eigenvalue.
Many-particle system. Consider two particle system. The Hamiltonian in
general is given by

~

H = ﬁ1+ﬁ2+‘712
. h? y
Hi = —%V?_‘_V(rl)a ‘/12 :V(rl’r2)

its eigenequation can be written as

HUy, (ry,15) = By (ry,13)
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If the interaction can be ignored, V (ry,rs) = 0, with H = H, + H,, then by the
Principle of Separation of Variables, we have

\Ijk (rlu r2) - (I)nl (rl) q)ng (r2) ; Ek = €n, + €no

with 52
[_%w v <r>] D, () = €2y (1) .
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Summary

(a) In QM, state of a particle’s motion is specified by a state function and observ-
ables now becomes Hermitian operators. Their expectation values with respect to a
wavefunction gives measurable physical values in a given state.

(b) State functions of an hermitian operator are determined by its eigenequation.

(c) Eigen state functions @y, (r) has following properties:

e Normalization

[locmPar =1
e Linear Superposition
If &y, (r), Py, (r) are two possible states of a particle, their linear summation
U (r) = C1Py, (r) + Co®y, ()

is also a state of the particle. In the above eq. C; and Cy are any two complex
numbers

e Orthogonality

Two states with different quantum numbers must be orthogonal to each other

/ ., (r) By, (r) d*r = 0.
e Completeness

Any state U of a particle’s motion can always be written as a linear summation
of all eigenstates ®;, of one of its Hermitian operator

U =3 C@y
k

where C} are complex number.
(d) If Hamiltonian of a particle is time-independent, its wavefunction can be writ-
ten as

Uy (r,t) = Py (1) ' Ert/h

where @ (r) and Ej are the eigenstates and eigenvalues of Hamiltonian operator,
obeying the time-independent Schrodinger eq.

H®, = £,y .
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1.3 Harmonic Oscillator and Dirac notation

A harmonic oscillator is system consisting of a particle attached to a spring. Classi-
cally, if we choose the equilibrium position as origin, the equation of motion is

Az

m—— = —kx, Kk = const.
dt?

k

which leads to a harmonic (periodical) motion of angular frequency w = /=

z(t) = zosin (wt + 60y), p(t) = xcos (wt+ 6Op) .
This periodical motion can be visualized if we plot its potential

2

1
V= §kx2 = imuﬂx

as shown. Depending on the initial condition, the particle just swings between two
extreme position with conserved total energy and this energy can be any number.

Quantum mechanically, we will see the particle’s motion is quite different: it must
be in one of discrete energy levels. The time-independent Schrodinger eq. is given by

It is easy to prove that a Gaussian type of function

1/4
Yo (x) = AB_QIQ, a=mw/2h, A= const.= (@>

mh
is a solution with eigenvalue Ey = hw/2. In fact, all its eigenvalues can be simply
written as

1

with n = 0 corresponding to the ground state, the state with lowest energy.
In the following, we will apply algebraic technique to find all state functions and
corresponding eigenvalues.
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1.3.1 Dirac Notation

Some times it is very convenient to use Dirac notation in QM. The state functions
mention above are quite similar to vectors, with similar summation, inner product
properties. Using Dirac notation, a state function ®(r) corresponds to a vector in
Hilbert space (infinite dimension), denoted as |®),

O(r) — [®)
and the complex conjugate of ®(r) is denoted as
*(r) — (2P|

A scalar in H is just a complex number. In H scalar multiplication and vector addition
are defined as the usual complex operations, e.g.

b = Clq)l + Cg(bg

or
|CI>> =C |CI>1> + Co |CI>2> .

The dot product ( inner product) between two state vectors is defined as the
following definite integral

(@] ®y) /@ )Py(r

There are several properties of state vector dot product:
Two state functions are orthogonal is similarly expressed as their inner product
is zero

(1] Do) =0.

A complete orthonormal set of H state-vectors {|®,),n =1,2,...,00} is de-
fined as (a) any state vector in H can be written as a linear combination of {|®,)};

(b) (Pn| i) = G-
A vector |¥) in H can be written in a component form as

= > Cp|®y) Z@\\If@ Cp = (0| T) .

where C,, is [¥)’s component in |®,,).
Operators in H. ¥(r) = O ®(r) in Dirac notation, we write

) = O |®) = |0) .



12 CHAPTER 1. REVIEW OF QUANTUM MECHANICS

Hermitian conjugate. Let ¥ = O®, then
v = (09) =0
where OT is called the Hermitian conjugate of O. It is left-acting. In Dirac notation,
0) =0 |®) = ‘ 6(13> Hermitian conjugate (0| = (| Of = < @@‘

or

(@1 A|®2))" = (@a] AT[1) .

Therefore, any operator A can be right-acting or left-acting and the relation between
the two is the Hermitian conjugate to one another. e.g.

/(I)*A\Ifd?’r = (@ A1) = (B AV), A=B
= (| B' W) = (B2| ¥) = (ATo| v

Example: The following 1D operator, with zq, py as constants,

X T D
A=Z 42
Lo Po
has its hermitian conjugate
A= _ ;P
Lo Po

since both & and p are Hermitian operators, i.e. 2f = 10T p.
Hermitian conjugate of a product. Let O = AB, the Hermitian conjugate of
O is given by Ot = BT A" since

(U] AB |®) = (A'W| B|®) = (BTATw| @

If A and B are Hermitian operators, O is not necessarily Hermitian. This is because
A and B in general do not commute, namely AB # BA.
Eigenvector, eigenvalue, and eigenoperator. If

0® = c®, or0 |®) = c|D)

O is eigenoperator, c is its eigenvalue, |<I>>Ais its eigenvector.
The expectation value of an operator O with respect to a state vector [¢) is given
by R
— ~ | O|P
0= (0)= 21010
(®] @)

where (®| ®) is the normalization factor.
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1.3.2 Creation and Destruction Operators

Now we are ready to apply algebraic technique to solve quantum harmonic problem.
First we define creation (or raising) and destruction (or annihilation or lowering)
operators as

. mw . ip ot mw . p
a = T+ , a' = T — .
2h V2mhw 2h V2mhw
It is easy to prove their commutation is

~ ~

[a, a'] = aa’ —ala=1.

ita — </mw§j_ p )( mw§:+ p )
2h V2mhw 2h 2mhw

MR g o (2~ i) =
2h 2mhw 2h

we can write the harmonic oscillator Hamiltonian as

) 1
i = hw (aﬁa+§> .

Since

Therefore, to find the eigenstates and eigenvalues of H is to find the eigenstates and
eigenvalues of operator a'a.

It is quite easy to find the eigenstates and eigenvalues of operator a'a. First let
us assume there is state |0) such that

al0)y=0.
Hence state |0) is an eigenstate of a'a with eigenvalue equal to zero
ata |0y =010) .
It is not difficult to find this state |0) from the equation
al0) = 0—
mw ip 0, h 0
T+ x) = x + . x)=0.
(Vo o) i) = (fgre+ Tomgy ) o
or
mwx
- o(a) = i)
mwe dig
— de = —
h Yo

2

mwx
Py = Aexp(— o7 )
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as we have seen before.
Now we apply the algebra to find the excited states. Consider state a' |0) and call
it 1)
1) =a' |0)

we can prove it is an eigenstate of a'a with eigenvalue equal to 1.
Prove:

atall) = alaa|0) = af (aa') |0)
= al(a'a+1)[0) wse [a, af] =1

= a'a'al0) +a'0) use @l0)=0
= a'|0)=11) .

QED In fact, the state |1) has the statefunction as

) = o) = ({5 - o) i)
= Buxio(z) = U1 (x) .

In general, the nth state |n) is given by a' acting on the ground state |0) n times,

namely
In) = % (a")"10).

Using the commutation relation [a, aq = 1, we can proof |n) is an eigenstate of

ala
a‘aln) |n),
therefore
L1 1
H|n) = hw (a a—|—§) In) = <n+§) hwln), mn=0,1,2,3,...
Proof: .
We use deduction for the proof. Since |n) = \/_ln_' (aT) 0),
a'a|0) = 0]0),
a'a|l)y = da'aa'|0)

= d (aTa—i— 1) |0)
= a'|0)=1-]1).
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Assuming for n > 1,

we have

Notice that the equation a|0) = 0 can also be written as
(0]a' = 0.
It is now straightforward to derive the orthogonal relation between the states
(n| n')y = Oppr-

Therefore, the Hamiltonian of a harmonic oscillator has eigenstates and eigenval-
ues as

Hln) = E,|n)

E, = hw(n—i—%), n=0,1,2---

O ﬁ)nw («)
vl \V2n™ Vomhwox)

where

mw\ /4 mwr?
i) =(Tr) ew (‘ o )
is the ground state. As given earlier, the first excited state is [1) = a'|0), or in real

space, ¥y (z) = Baxiy(z) with constant B determined by normalization condition.
The shapes of first four eigenfunctions are shown in Fig. 1.
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hu
0 lu1

Fig. 1 The shapes of the first 4 eigenfunctions of Harmonic oscillator.

1.4 Matrix representation of QM

We have seen operators in QM behave just like matrices, such as transposed, Her-
mitian, and eigenvalue problems, etc. In fact, we can formulate a QM problem com-
pletely in terms of matrix analysis: a state becomes a column matrix and an operator
becomes a square matrix. This is particularly useful if we can solve the eigenequation
of a particular operator of a system rather easily and we can then use the solution as
basis to solve the eigenequation of other operator.

1.4.1 Basis set

For, example, if we have a simple Hermitian operator Aof a quantum system which
has m eigenstate functions with corresponding eigenvalues as Ay, k=1,2,---, M

Ady = Ap®y, k=1,2,--- M
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where @, are a set of normalized orthogonal wavefunctions. Note that M could be
infinite. We can write

1

o — =" |, @ —l=(0-0
0
0

B — 2=| 1 |, & —@=(01,---0)
0

etc. The orthonormal relationship (inner product between any pair) is
/ & O, = (K k) = Sy, -

In this fashion, operator A becomes diagonal matrix

A1 0 0 0
A 0 Ay, 00

Aum

The eigenequation becomes a simple matrix equation
Alk) = A k) .

Notice that all calculations become matrix algebra. And the complete orthonormal
set of states {|k),k=1,2,---, M} is referred to as basis set.

1.4.2 Matrix representation of a state

Now we intend to use these eigenstate of A as a basis to discuss any eigenstates of
other operators. Consider an arbitrary state |¥), by the completeness of the basic set
i), we can always write |¥) as a linear combination of |k)

) = alk)

where {C}} are constant. In matrix notation it becomes

M c
v) = Yalk=| " |=C
k=1 -
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Z% — (¢G5 i) = C
so C}, is the component of the state vector |¥) in the k-direction. The inner product

(U] ) Z\ck\ —CT.C

1.4.3 Matrix representation of an operator

Consider an arbitrary operator B of the same system. We wish to find the matrix
representation of B in the above basic set (eigenstates of A). Let B act on an arbitrary
state |U) and resulting new state is denoted as |(2)

B|T) = |Q) .
Both |¥) and |2) can be written as linear combination of the basic set
€1
M c
) = Z alk)=| 7 | =C

Cym
dy

dy D

M
Q) = Z dy, [k) =
k=1 ey
and the original eq. becomes
M M
S B IK) = duK)
k=1 k=1
taking inner product with states (k| on both sides

M M
Z Byprew = Z dioprr = dg, k=1,2,--- M

k'=1 k'=1

Bkk’ = <]{Z| B |l€,> = /d37’ (I)Z(I)k’

or in a matrix notation

B-C=D
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where B is a (M x M) square matrix with element By, = (k| B|K) = [ d®r ®5dy

By Bz ... Biu
B _ le B22 cee B2M
BM]_ BM2 ces BMM

Note that the matrix representation of operator B— Bis independent of state |),
it only involves the basic set {|k) ,k =1,2,---, M}. Once the basic set is choose, the
matrix representation of any operator B is determined. Therefore B — B is totally
equivalent and we can write, directly

Bll Bl2 ces B]_M
B By By ... By
Byi By2 ... Buwm

without causing any problem.

1.4.4 Eigen value problem

To find the eigenstates and eigenvalues of B is to diagonalize this matrix. We write
an eigenstate |A) of B in terms of |k) as, with eigenvalue A

b
A =D belk) =
k=1
b
The eigenequation
BN = AN
or
or
BH - A B12 BlM b1
Bgl ng - . BQM b2

BMl BM2 BMM)\ bM



20 CHAPTER 1. REVIEW OF QUANTUM MECHANICS

and corresponding secular equation is

Bi1 — X\ By . Bing

det B21 B22—>\ BQM

BMl BM2 BMM_)\

If the dimension M is a very large number, it becomes difficult to manage the
(M x M) matrix. We can introduce a truncation, and consider only £ =1,2,--- N
with N < M, and consider smaller (N x N) matrix as an approximation.

1.4.5 Examples

A spin-1/2 system. Our task is find spin operators in a matrix form. We know
there are only two spin states in this case, spin-up [T) and spin-down ||). They are
eigenstates of S,. So the dimension of our basis set is two. We write

m=m=(g) B=w=(])

h
2

using

SN =511, S| =

so the matrix form for S*z is

it is diagonal as expected.
According to the general formula

LE|1m) = i/l + 1) —m (m £ 1) |l m £ 1)
we have, with [ =S =1/2,m = +1/2
ST = ST =0
ST = RN, ST =1l

hence, their matrix forms are given

- (B0 S0 )
o (B UEE) (1)
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and using

we have matrix forms for S, and S,

. h{01 . hifo 1
Sf:§<10>’ Sy:Z<—1 0)

G2 _ h2 (1 _
Note also operator S* = =% (5 + 1) =

number,
@ 310
4 01/ °

Note: in some text book, spin operator is defined as dimensionless, S-S /h.
Electron in a magnetic field. Suppose the field makes an angle § with the z
axis and given by

becomes an identity matrix multiplying a

Lo

B = (Bsin6,0, Bcosf)

and the magnetic energy potential is, using magnetic moment pg = —eS /m
. e A e /. A eh [ cosf sinf
H, =—p,-B= ES -B = (sm@Sx —l—cos@Sz) =5 < sinf  — cosf )

The secular eq.

cos — A siné

0 = det sin 0 —cosf — A

|:)\2—00529—sin20:)\2—1

with two solutions A = £1. Hence the eigenvalues of H,, are i% with the corre-
sponding normalized eigenstates

0 a0
=) =5t
SIH§ COS§
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